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Probability Density Function Approach for
Compressible Turbulent Reacting Flows

A. T. Hsu,* Y.-L. P. Tsai,t and M. S. Rajut
Sverdrup Technology, Inc., Brook Park, Ohio 44142

The objective of the present work is to extend the probability density function (PDF) turbulence model to
compressible reacting flows. The probability density function of the species mass fractions and enthalpy are
obtained by solving a PDF evolution equation using a Monte Carlo scheme. The PDF solution procedure is
coupled with a compressible finite-volume flow solver which provides the velocity and pressure fields. A modeled
PDF equation for compressible flows, capable of treating flows with shock waves and suitable to the present
coupling scheme, is proposed and tested. Convergence of the combined finite-volume Monte Carlo solution
procedure is discussed. Two supersonic diffusion flames are studied using the proposed PDF model and the
results are compared with experimental data; marked improvements over solutions without PDF are observed.

Nomenclature
Dj = diffusion coefficients
Dt = turbulent diffusion coefficient
e - specific internal energy
H = total enthalpy
h - specific enthalpy
k = turbulent kinetic energy
M = molecular mixing model
Mt = turbulent Mach number
P = probability density function
Pr = production of turbulent kinetic energy
p - pressure
p ' = pressure fluctuations
QJ = heat flux
Sp = source term for the compressibility effect
Uj = velocity
u j = velocity fluctuations
w/ = chemical source terms

= spatial coordinates
= species mass fraction

a3 = constants
= velocity divergence
= dissipation rate of turbulent kinetic energy
= density
= shear stress
= dissipation
= ensemble mean

.) = conditional mean
(),/ =B()/Bx,
( ) , =B()/Bt

I. Introduction

T HE most attractive feature of the probability density
function (PDF) method is its ability to overcome the

chemistry closure problem in turbulent reacting flow compu-
tations. Much progress has been made in both PDF theory and
application during the past decade.1 However, most of the
previous developments in PDF models (using a PDF evolution
equation) were restricted to low-speed combustion. The objec-
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tive of the present work is to extend the PDF method to
high-speed compressible flows.

High-speed compressible reacting flows present some unique
challenges to PDF modeling because of the existence of shocks
and strong dilatation terms. In principle, a joint PDF equation
of velocity, pressure, temperature, and species mass fractions
could be constructed and then solved using a Monte Carlo
solver without any need for the mean velocity and turbulent
fields to be determined by a finite-difference scheme.2 Unfor-
tunately, a shock-capturing PDF pressure solver is currently
unavailable, and it may be a while before such a PDF ap-
proach would yield solutions to realistic problems encountered
in industry. Thus, it appears that one alternative currently
available for immediate application of the PDF method to
high-speed flows is a solution procedure based on the decou-
pling between the velocity and the scalar fields. Because shock-
capturing finite-difference and finite-volume codes have
reached a certain degree of maturity, it seems, at least from
the standpoint of practical application, that the use of the
composition PDF together with a finite-difference or finite-
volume code is more beneficial.

The PDF model and the corresponding Monte Carlo solver
developed in the present work is general enough to be applied
with any existing finite-volume or finite-difference codes. To
demonstrate the portability of the PDF solver, we have ap-
plied it in conjunction with two versions of a finite-volume
code known as RPLUS3'4: When used with the PDF algorithm
to solve for chemical reactions, the species transport equations
in the finite-volume code are replaced by the composition PDF
equation.

Because the flow variables, including the mean velocity,
density, pressure, turbulent kinetic energy, etc., are provided
by the finite-volume flow solver, we only need to solve for the
species mass fractions and energy (or enthalpy, temperature,
etc.) in the Monte Carlo PDF solver. For low-speed reacting
flows, there are two unclosed terms in the species and temper-
ature joint PDF equation; namely, the turbulent diffusion
term and the molecular mixing term. For high-speed flows,
depending on the specific formulation chosen for the energy
equation, many more unclosed terms could appear.5 The pros
and cons of various formulations are discussed in the present
work. The formulation best suited for the present objective is
identified and used as the basis on which a modeling proce-
dure is proposed and tested.

In incompressible flow computations, the flow equations
can essentially be solved independently of the PDF equation as
the momentum and energy equations are decoupled; one only
needs to transfer information from the flow solver to the PDF
solver, but not vice versa. In contrast, the presence of the
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strong pressure and density gradients makes the coupling be-
tween flow equations and the PDF equation very important
for compressible flows. Because the finite-volume solution of
the flowfield is smooth, the transfer of information from the
flow solver to the Monte Carlo PDF solver is straightforward,
but information transfer the other way around presents a
challenge because of the relatively large statistical error. A
way of obtaining smooth averaged solutions from a Monte
Carlo PDF solver, using a relatively small number of samples
that is within the capacity of today's computing facilities,
becomes an important issue in the finite-volume/Monte Carlo
coupling process.

An issue related to the problem of coupling just mentioned
is the convergence of a Monte Carlo procedure in solving an
elliptic flow problem. Applications of PDF models to elliptic
flow computations are few.6'9 When a Monte Carlo solver is
used to simulate elliptic flows, both the definition and the
criteria of convergence are unclear and have been little dis-
cussed. Because the statistical error in a Monte Carlo method
is often much larger than the truncation error in a finite-vol-
ume or finite-difference scheme, the convergence of a com-
bined finite-volume Monte Carlo scheme is difficult to mea-
sure. Without special treatment, the solution often appears
nonconvergent.

A combined ensemble- and time-averaging procedure for
the solution is used in the present work. This averaging scheme
makes the measurement of the convergence of a Monte Carlo
scheme possible, and provides sufficiently smooth solutions to be
fed back into the finite-volume flow solver, making the cou-
pling between Monte Carlo and finite-volume solvers feasible.

The compressible PDF model is validated using a nonreact-
ing supersonic flow over a 10-deg ramp, where the tempera-
ture rise across the shock is computed using the modeled PDF
equation and compared with the theoretical solution. Two
cases of supersonic hydrogen combustion are studied using the
proposed model: a two-dimensional supersonic wall jet and a
supersonic axisymmetric jet.

II. Probability Density Function Formulation for
Compressible Flows

For compressible flows, the energy equation can be cast in
a number of different forms. Pope uses the total enthalpy
formulation of the energy equation2:

pHyt = -p,t~ (1)

In the preceding equation, as well as in the equations that
follow, repeated indices imply summation over the range of
the indices. By neglecting molecular diffusion effects and as-
suming steady flow, the energy equation reduces to constant
total enthalpy for a given sample particle. The total enthalpy
formulation provides the simplest form of the energy equation
and, if the PDF for pressure and velocities are known, the
formulation can be applied to compressible flows without
introducing any new modeled terms.2 However, in the present
case, the velocity field is obtained from a finite-volume solver,
and the PDF for the velocity field is unknown. Without the
velocity PDF, one cannot back out the temperature of each
sample point from a given total enthalpy.

Kollmann5 suggested the use of specific internal energy,
which leads to a formulation with A = w/j, the velocity diver-
gence as a random variable. To solve for A, a transport equa-
tion for the velocity divergence was introduced into the PDF
formulation. The resulting PDF equation produces a large
number of new unknown terms that need modeling. Without
enough experimental or direct numerical simulation data to
establish models for these new terms, it is hard to estimate the
viability of this approach.

In the present study, considering the fact that the velocity
PDF is not known in our solution, the use of the specific
enthalpy formulation minimizes the need for devising new
models. As we shall show in what follows, the specific en-
thalpy formulation allows us to use existing models from

previous works on second-order closure models for compress-
ible turbulence.

The energy equation in terms of enthalpy is:

Dp
— (2)

where $ is the dissipation due to viscosity. Neglecting $ from
the energy equation, the evolution equation for the joint PDF
of species mass fractions and specific enthalpy, P(Yi9 . . . ,
YN9 h; Xf9 t)9 can be written as:

(PP\t 'j \ Yi9 h)P)j

- ((pDj Yj.u \ Yi9 h}P\Y. - Yi9 (3)

where the right-hand-side terms represent turbulent diffusion,
molecular diffusion, and the pressure effect, respectively. All
of the conditional means on the right-hand side of the equa-
tion are extra unknowns that need to be modeled.

In what follows the modeling of the unknown conditional
means is discussed. Because comparing with the PDF equation
for low-speed flows the only new term is the conditional mean
of the material derivative of pressure, we start by deriving an
appropriate model for this term.

Using C to denote the conditions in the mean, the new term
can be written as

Dp
Dt (4)

Decomposing the random variables into means and fluctua-
tions, p = (p} + p' and Uj - (ui) + u / , we have

'Dp
Dt

C) = </>),, + <i*,){p)t, + >.,+ </»'«,;/10 (5)

To use existing models for the last two terms in the preceding
expression, we need to first assume that the product of the
fluctuating velocity and fluctuating pressure is statistically in-
dependent of the species mass fractions and specific enthalpy.

With this assumption, the last two unknown terms can be
readily modeled: The first of the two terms, {«/p'},/» *s tne

trace of the pressure-strain rate tensor in second-order closure
models. Most second-order closure models give the following
expression for this term10:

(6)

where (k) is the mean turbulent kinetic energy.
The last term, {/?'«/'/), is the so-called pressure dilatation

term in second-order closure models for compressible flows.
Following Sarkar et al.,11 we write:

(7)

where a2 and a3 are model constants given by Sarkar et al. as
0.15 and 0.2, respectively. All the information needed in the
preceding models is available from a flowfield solution using
a k-e model.

In the present study, the turbulent diffusion is simulated
using a simple gradient diffusion model developed by
O'Brien12 and Pope13:

-(uj\Y,9h)P=DtPj

The use of this gradient diffusion model is consistent with the
use of a k-e model in the flow solver.

The molecular diffusion term is modeled using the continu-
ous mixing model by Hsu and Chen14 and Hsu.15 This model
is an extension of Curl's model. In the modified Curl model,16

the change of Yn due to molecular mixing is achieved by the
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following binary interaction process: divide the flow domain
into small cells, each containing N sample particles. Given a
small time interval dt and a turbulent time scale T, select
randomly Nmx pairs of particles,

Nmx^O.S-j^N (8)

(C = 6.0) and let a pair, say, m and «, mix as follows

YH(t + dt) = AYm(t) + (1 -A)Yn(t) (9)

Ym(t + dt) = AYn(t) + (1 -A)Ym(t) (10)

where A = 0.5£, with £ being a random variable uniformly
distributed on the interval [0, 1]. The remaining N - 2Nmx
particles remain unchanged:

Yn(t+dt)=Yn(t) (11)

This model does not represent the true physical process, as
the properties of the sample particles change discontinuously
regardless of the size of the time interval dt. This deficiency
can be best illustrated by rearranging Eq. (9) and dividing it
by dt

The derivative dYn/dt does not exist because as dt goes to zero
the right-hand side of the equation becomes infinite because
both A and the difference between Ym(t) and Yn(t) are finite.
This means that there is a sudden jump in the value of the
scalar quantities, which is typical of a Poisson process, but is
nonphysical in the present case because the flow properties of
turbulence are continuous.

One can see from the preceding section that the modified
Curl model relies on the parameter Nmx to control the extent of
mixing. On the individual particle level, it assumes complete
mixing once the particle is selected to participate in the mixing
process, without considering the size of dt.

To achieve continuous mixing, we propose the following
model: during a time interval dt, we assume that all of the
particles within a cell participate in mixing. The extent of the
mixing is controlled at the individual particle level. That is to
say, the N particles within a given cell are randomly grouped
into N/2 pairs; the properties of all of the particles change
according to Eqs. (9) and (10). The extent of mixing now has
to be controlled at the individual particle level through the
parameter A , which is redefined as

(13)

where C' =2.0. With this new definition, Eq. (12) can be
written, in the limit 6/-*0,

at (14)

The preceding equation states that the change of Yn due to
mixing is proportional to the difference between Ym and Yn ,
and inversely proportional to the turbulence time scale T.

The preceding model had been extensively tested on simple
flows.14'15 In fact, numerical tests showed that for mixing in
homogeneous turbulence, the model gives a PDF distribution
closer to the desired Gaussian distribution than the modified
Curl model, and unlike solutions from the modified Curl
model, the higher moments does not grow unbounded.

The final modeled PDF equation then becomes:

(PP),t + M(P) - (SpP),h
(15)

where the first two terms on the right-hand side of the equa-
tion are the modeled terms for turbulent diffusion and molec-
ular mixing; the last term is the term representing the com-
pressible effect, with a new source term defined as

= (P),t + (Ui f (16)

which can be regarded as the convection velocity of a sample
particle in the h direction in the space spanned by h and the
various Y).

III. Solution Procedure
A fractional step Monte Carlo method developed by Pope13

is used in solving the PDF evolution equation. This method
has been used extensively and is well documented. The nu-
merical schemes used in the finite-volume code are also well
documented.

When coupling a PDF solver with RPLUS, the species
transport equations in the RPLUS code are no longer needed.
The information we need, at each marching time step, from
the flow solver (RPLUS) includes the mean velocity, pressure,
density, and a turbulence time scale or quantities such as the
turbulent kinetic energy and dissipation rate. The species
transport and chemical reactions are simulated by solving the
PDF evolution equation. At every time step, the species mass
fractions from the PDF solution are fed back to the mean flow
solver for the computation of temperature and pressure. The
Monte Carlo and finite-volume solvers are run in parallel, and
information exchange occurs at every time step until a con-
verged solution is obtained.

For steady flow problems, a combined ensemble- and time-
averaging procedure is used to overcome the convergence
problem in the Monte Carlo solution procedure. A time aver-
aging is performed over a set of ensemble-averaged solutions
to obtain a smoother solution. This averaging procedure is
performed continuously at every time step; for instance, sup-
posing that we are averaging over m time steps, at the nth time
step, the information from time step n — m is discarded, and
the ensemble-averaged solution from the current time step is
added to the time averaging process. A similar time averaging
method has been used by Correa and Pope.9

The curves in Fig. 1 shows the convergence history from
averaging over 1-1000 iteration steps. The large jumps in the
curves are caused by abandoning the sample from the initial
condition; for instance, for the error curve of averaging over
1000 time steps, the jump occurs at N = 1000, where TV is the
number of iterations. This type of large excursion in the error
only happens when N = Average, and does not appear again at
larger iterations.

In the preceding example, we have assumed the time step
used in the Monte Carlo computation to be large enough that
the errors in the solutions of two consecutive time steps are
statistically independent. When time steps used are very small,
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Fig. 1 Convergence history of the PDF solver measured by an L2
norm, combined time and ensemble averaged solutions.
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this assumption may not be valid, and the effect of time
averaging is greatly diminished. In such cases, we chose to
select solutions from every M time steps for the time-averaging
process, and make sure that the correlation of the random
error reaches zero for a time / >MAt. In some of the compu-
tations reported in this paper, we used solutions from every 10
time steps in the averaging process.

IV. Results and Discussion
The ability of the current PDF model to treat flows with

shock waves is tested by calculating the temperature rise
caused by an oblique shock. The PDF procedure is validated
using experimental data for two cases of supersonic hydrogen
diffusion flames: a supersonic hydrogen round jet and a su-
personic wall jet. The solution procedures and numerical re-
sults are presented in the following sections.

A. Oblique Shock Calculation
The new term in the PDF equation simulates the compress-

ibility effect; in other words, it transfers information of a
compressible flowfield to the PDF solution. As a test case for
the preceding model, a nonreacting supersonic flow over a
10-deg ramp is calculated using a 40 x 50 grid. The PDF
solution of the temperature across the oblique shock is shown
in Fig. 2. The PDF solutions are taken from several different
times in the solution procedure. Because only 100 particles per
cell were used for the calculation and no time-averaging or
smoothing schemes were used, the oscillation in the solution is
expected. A step function in the figure shows the theoretical
solution of temperature for the same shock. The results show
that the new model picks up the temperature rise across the
shock fairly accurately.

A word of caution must be given here: The source term Sp
can be very large for high Mach number flows or flows with
strong shocks. When using an explicit time marching scheme
in the Monte Carlo simulation, the time step must be carefully
chosen such that the Courant-Friedrichs-Lewy number does
not exceed one to ensure a converged solution.

B. Supersonic Round Jet
The numerical computations for the supersonic burner in

Fig. 3 have been performed by the code that was originally
developed for the modeling of turbulent reacting flows with
sprays occurring inside a Wankel engine, which evolved from
the RPLUS code. The finite-difference formulation is based
on an Eulerian-Lagrangian approach where the unsteady,
Navier-Stokes equations for a perfect gas mixture with vari-
able properties together with the standard two-equation k-e
turbulence equations are solved in generalized, Eulerian coor-
dinates on a moving grid by making use of an implicit finite-
volume, Steger-Warming flux vector splitting scheme, and the
liquid-phase equations are solved in Lagrangian coordinates.

D = 0.0653 m
d = 0.009525 m
Injector lip thickness = 0.0015 m
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Fig. 3 Geometry and test conditions for the coaxial hydrogen jet
combustion.

The turbulent viscosity is computed by a compressibility cor-
rection as proposed by Villasenor et al.17 A complete descrip-
tion of the code can be found in Ref . 4. The code has recently
been modified to accommodate axisymmetric flowfields be-
fore being coupled with the PDF solver.

Combustion is modeled by the following global, five-species,
two-step model developed by Rogers and Chinitz18 for H2-O2
combustion:

H2 + O2 *i' 2OH
k/2

2OH + H2 ^ 2H2O

where the forward reaction rates are given as

kfi =

with the coefficients given as:

! = 20.35 x 106

= 2.5 x 1064, 7V2=-13, E2 = 177.82 x 106
(17)

Fig. 2 Temperature rise through an oblique shock predicted by the
PDF turbulence model compared with an analytical solution.

The unit of A{ is mVmole • s, and the units of £/ is J/k - mole.
TJie backward reaction rates are calculated from the Gibbs
free energy and the equilibrium coefficients.

The global model is reported to predict the oxidation of
hydrogen adequately in flows that are not dominated by long
ignition delay times. The model is tested for pressures at 1
atm, initial mixture temperatures of 1000-2000 K, and fuel/
oxidizer equivalence ratios ranging between 0.2-2.0.

The geometry and flow conditions for the coaxial-jet case
are given in Fig. 3. This flow represents mixing between two
ideally expanded coaxial streams with hydrogen as the inner
jet at Mach 1.9 and high-temperature vitiated air as the outer
stream at Mach 2. The test conditions are taken from Evans et
al.19 This test case has been the subject of investigation by
several authors,20'21 where the flow field is modeled by differ-
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ent assumptions: turbulence is modeled by making use of
either algebraic or two-equation k-e models, combustion is
modeled by either finite-rate or equilibrium chemistry models,
and/or the effect of turbulence on reaction rates is modeled by
either the eddy-breakup model or the assumed probability
density function approach to describe the species fluctuations.

The computational grid used in the flow calculations is
51 x 61 with the grid extending 30.0 fuel-injector diameters in
the flow direction and 6.5 fuel-injector diameters in the trans-
verse direction. The grid is stretched in such a way so that
more resolution is obtained within 1.75 fuel-injector diameters
about the centerline in the transverse direction and more reso-
lution is also provided near the inflow in the axial direction.
The flow computations are initiated at x/d = 0.33, the nearest
point at which the measurements are made. At the inflow all
of the flow variables are specified. The initial conditions used
in the computations are similar to those chosen by Evans et
al.,19 except the gas composition of the central jet, which is
assumed to contain small amounts of H2O and N2 mass frac-
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Fig. 4a Radial profiles of the predicted and measured mass fractions
of major species for the PDF-CFD solver at x/d = 8.26.
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Fig. 4c Radial profiles of the predicted and measured mass fractions
of major species for the PDF-CFD solver at x/d = 21.7.
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Fig. 4d Radial profiles of the predicted and measured mass fractions
of major species for the PDF-CFD solver at x/d = 27.9.

tions ( = 0.1) instead of pure hydrogen. The specification of
inflow conditions contains a slight degree of uncertainty be-
cause the only available information at this location is the
measured pitot pressures, and all of the other variables are
chosen approximately to fit the measured pressure data. At
the exit all of the flow variables are extrapolated from the
interior. The treatment of the upper boundary is determined
by applying inviscid wall conditions. Values along the center-
line are obtained by applying zero gradient extrapolation,
except the radial velocity, which is set equal to zero.

The PDF solution is obtained by making use of 100 particles
per cell. The species mass-fraction field that is supplied to the
finite-volume solver from the Monte Carlo solver is obtained
from averaging the PDF solutions over the previous 100 time
steps. The combined Monte Carlo and finite-volume solver
required about 0.7 ms of CPU time per time step per cell on a
Cray Y-MP. The inclusion of the PDF solver is found to
increase the computational effort by a factor of 2.2. For the
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Fig. 5a Radial profiles of the predicted and measured mass fractions
of major species for the CFD solver at x/d = 8.26.

Fig. 5b Radial profiles of the predicted and measured mass fractions
of major species for the CFD solver at x/d = 15.5.

case examined, less than 2000 time steps are required for the
computations to reach a converged solution.

Figures 4a-4d show the comparisons between the PDF solu-
tions and experimental data: radial profiles of four major
species, H2, O2, H2O, and N2, are given at four different axial
locations, x/d = 8.26, 15.5, 21.7, and 27.9, respectively. The
numerical results match fairly well with the experimental data
considering both the fact that the estimated error in measure-
ments could be as large as 15%,19 and the uncertainty involved
in specifying the inflow conditions. The estimated error in the
measurements is reportedly due to the possibility that the gas
composition might be altered because of additional reactions
taking place in the gas sampling probes as a gas chro-
matograph is used to measure the species concentrations.19

The disagreement in the calculated results showing lower than
the experimental values for the mass fractions of H2O, O2, and
H2 at axial locations of x/d = 21.7 and 27.9 might also be
attributed to the uncertainty involved in the specification of

the inflow conditions in the jet region. However, no effort is
made in the present computations to^study the effect of differ-
ent inflow conditions on the ensuing flowfield.

To examine the effect of the PDF model on the predicted
results, a separate set of finite-volume computations were
performed without the PDF solver, where the chemical reac-
tion rates are evaluated using the mean temperature and spe-
cies mass fractions. The assumption of equal turbulent diffu-
sivity is made in the computation. Combustion in these
computations is also modeled by the global, two-step combus-
tion model of Rogers and Chinitz, and the corresponding
results are summarized in Figs. 5a-5d. The combined Monte
Carlo and finite-volume computations seem to predict the
position of the peak H2O mass fraction rather accurately,
whereas in the finite-volume computations the position of the
flame zone is shifted radially outward into the high-tempera-
ture region indicating that much more O2 is consumed than
what is observed experimentally. Although Monte Carlo/

Fig. 5c Radial profiles of the predicted and measured mass fractions
of major species for the CFD solver at x/d = 21.7.
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Fig. 5d Radial profiles of the predicted and measured mass fractions
of major species for the CFD solver at x/d - 27.9.
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finite-volume computations predict negligible amounts of oxy-
gen within the central-jet region, the non-PDF computations
predict substantial amounts of O2 within this region at axial
locations of x/d = 8.26 and 15.5. The reasons for this dis-
crepancy could be attributed to a lack of consideration of the
temperature fluctuations on the reaction rate. If the neglected
temperature fluctuations are large, the reaction rates based on
the mean gas temperatures are likely to lead to smaller oxida-
tion rates as the calculated gas temperatures in this region
remain lower than 600 K. At succeeding axial locations, the
H2O mass fraction grows and spreads much faster in the
non-PDF solution as compared with the PDF solution. Simi-
lar to the findings in the present non-PDF computations,
most, if not all of the previous computations reported a radi-
ally outward shift in the location of the peak H2O mass
fraction into the high-temperature region, and also reported
that O2 is consumed more rapidly in the calculated results. The
most likely cause for this disagreement may be due to incorrect
temperature dependence on some of the reaction rates, leading
to rapid combustion as the temperature rises in the flame
zone.21

The preceding results demonstrated that the use of the PDF
turbulence model can improve the accuracy of combustion
computations considerably.

}\2 injection
L— X

Fig. 6 Flow configuration of the experiments of Burrows and
Kurkov.

C. Supersonic Wall Jet
The second test case is the experiment reported by Burrows

and Kurkov22 in 1973. This experiment has been investigated
numerically by several authors: In Ref. 21, the inclusion of
unmixedness did not produce the expected results for this
particular case; and in Ref. 22, the numerical prediction was
not very successful in part because of the assumption of equi-
librium chemistry being used. Figure 6 shows its flow configu-
ration. The two-dimensional test section measures 35.6 cm
downstream of an H2 wall jet. The mixing of the jet with a
vitiated air stream supports H2-air combustion. A high-pres-
sure gas generator supplied Mach 2.44 vitiated air at approx-
imately 1270 K. The composition of the air is 25.8% O2,
25.6% H2O, and 48.6% N2 by mass.

The simulation of the wall-jet is performed by coupling the
PDF solver with RPLUS.3 The Baldwin-Lomax algebraic tur-
bulence model is used in this calculation. The turbulence dif-
fusivity is calculated based on the eddy viscosity and the
assumption that the turbulence Schmidt number equals one.
The time scale needed in the molecular mixing model of the
PDF equation is calculated using r = ̂ 2/^, where vt is the
turbulent viscosity from the algebraic model, and y is the
distance from the wall.

The numerical results reported in the present paper are
obtained by using a 71 x 61 grid in the test section. A finer
grid had been tested with little change in the solution ob-
served. The PDF solver uses 100 samples per cell and the
solution is obtained by averaging over 100 time steps. The
CPU time required on a Cray Y-MP is approximately 0.7 ms
per time step per cell. The calculation of the chemical reaction
accounts for 68% of the total CPU time.

The overview of the solution by the coupled Monte Carlo/
finite-volume computation for the wall-jet case is depicted in
Figs. 7a-7d showing the contours of temperature and of mass
fraction of hydrogen, oxygen, and water vapor, respectively.
The peak temperature in this case is approximately 2500 K.
The water vapor contour shows that ignition occurs immedi-
ately after hydrogen comes in contact with the vitiated air
streams. In reality, an ignition delay was observed in the
experiment. This failure to predict the ignition point is ex-
pected because of the simple chemistry model used. The com-
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Fig. 7a Temperature contours of PDF solution of the wall-jet case.
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Fig. 7b Hydrogen mass fraction contours of the PDF solution of the wall-jet case.
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Fig. 7c Oxygen mass fraction contours of the PDF solution of the wall-jet case.
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Fig. 7d Water vapor mass fraction contours of the PDF solution of the wall-jet case.
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Fig. 8a Composition profiles of the PDF solution for the wall-jet
case compared to experimental data (x = 35.6 cm).
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Fig. 8b Total temperature profile of the PDF solution for the wall-
jet case compared to experimental data (x — 35.6 cm).

parison of the numerical solution and experimental data mea-
sured at the test-section exit is shown in Figs. 8a-8b. The
computed species mole fractions shown in Fig. 8a agree very
well with the experimental data. The computed total tempera-
ture profile, compared to the experimental measurement in
Fig. 8b, appears to be shifted away from the wall. However,
we believe that the numerical solution for the total tempera-
ture is reasonable for the following reason: The profile of
water vapor indicates that the distance between the flame
surface (peak of water vapor) and the wall is more than 2 cm;
because the vitiated air stream has larger total temperature,
the peak of total temperature should be farther away from the
wall than the flame surface, yet the experimental data seem to
indicate otherwise.

In the course of this application, we made the following
observations. The accuracy of the Monte Carlo/finite-volume
calculation relies on a good estimation of the turbulence dif fu-
sivity. For the present test case, the Baldwin-Lomax model
seems to be adequate. To understand the effect of the turbu-

lence diffusivity, we experimented with various Schmidt num-
bers and observed significant changes in species composition.
Also noticed was the importance of the lip above the inlet of
the hydrogen jet. The lip has a thickness of 0.076 cm. For
convenience, we were tempted to ignore this thickness in the
computation. However, our experience shows that shrinking
the lip thickness to zero can result in a 0.2-0.3-cm shift of
the flame surface toward the wall. The presence of any shock
wave in the flowfield could also cause the flame surface to
shift. As indicated earlier, the chemistry model was responsi-
ble for the immediate ignition observed at the lip. The shock
wave generated by ignition can reflect from the upper wall and
strike the flame, resulting in a shift of the flame surface away
from the lower wall. In reality, the ignition point is located
a certain distance downstream of the lip, and the reflected
shock wave does not interact with the flame in the test section.
In our numerical simulation, a nonreflective boundary condi-
tion is used at the the upper wall to avoid any shock wave
interference.
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V. Conclusions
A compressible PDF turbulence model has been developed

and implemented in a Monte Carlo solver for two-dimensional
elliptic flows. A combined ensemble- and time-averaging
scheme is applied, which enables one to use a relatively small
sample in the Monte Carlo computation; this averaging
scheme greatly improves the efficiency and convergence of the
PDF solution, thereby making large-scale computations feasi-
ble. The PDF solver can be easily coupled with any existing
finite-volume solvers for compressible flows. Numerical re-
sults show that, for chemically reacting flows, the PDF
method seemed to provide better results than conventional
computational fluid dynamics methods.
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